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INTEGER RATIOS OF CONSECUTIVE ALTERNATING
POWER SUMS
IOULIA N. BAOULINA
ABSTRACT. We give a characterization of all pairs (k, n) of positive integers for which
the ratio (1k − 2k +3k −· · ·+(−1)n+1nk)/(1k − 2k +3k − · · ·+(−1)n(n− 1)k)
of two consecutive alternating power sums is an integer.
1. INTRODUCTION
Power sums have attracted the attention of mathematicians for centuries. Although
many of their properties are well known, there are still open questions. One of the unsolved
problems is the following: find all positive integers k and n > 1 such that the ratio
1k + 2k + · · ·+ nk
1k + 2k + · · ·+ (n− 1)k
is an integer. Put Sk(n) =
∑n−1
j=1 j
k. Clearly, Sk(3)/Sk(2) = 2
k + 1 is always an integer.
Further, it is not difficult to show that Sk(4)/Sk(3) is an integer if and only if k = 1 or 3
(see [1] or [5]). In 2011, Kellner [2] formulated the following conjecture.
Conjecture (Kellner, 2011). Let k ≥ 1 and n ≥ 3 be integers. Then the ratio
Sk(n+ 1)/Sk(n) is a integer if and only if n = 3 and k = 1 or 3.
This conjecture remains open, although various partial results are known (see [1]). In
particular, it has been proved in [1] that if n > 3 and Sk(n + 1)/Sk(n) is an integer,
then either Sk(n + 1)/Sk(n) = 2 or Sk(n + 1)/Sk(n) > 1500. In the latter case,
(Sk(n+ 1)/Sk(n))− 1 must be a product of irregular primes.
In this note, we consider a similar problem for alternating power sums. Namely, we are
looking for positive integers k and n > 1 such that the ratio
1k − 2k + 3k − · · ·+ (−1)n+1nk
1k − 2k + 3k − · · ·+ (−1)n(n− 1)k
is an integer. Put Ak(n) = (−1)
n
∑n−1
j=1 (−1)
j+1jk. With this notation,
1k − 2k + 3k − · · ·+ (−1)n+1nk
1k − 2k + 3k − · · ·+ (−1)n(n− 1)k
= −
Ak(n+ 1)
Ak(n)
,
and so the problem above can be reformulated as follows: find all positive integers k and
n > 1 such that the ratio Ak(n+ 1)/Ak(n) is an integer. It is readily seen that
Ak(n) = (n− 1)
k − (n− 2)k + (n− 3)k − · · ·+ (−1)n+2 · 1k
≥
{
(n− 1)/2 if n is odd,
n/2 if n is even,
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and so Ak(n) > 0 for n > 1. In view of this, it is more convenient to work with Ak(n).
Unlike Kellner’s conjecture, the problem for alternating power sums is not so difficult,
and we are able to give a complete solution. Our main result is the following theorem.
Theorem 1. Let k ≥ 1 and n > 1 be integers. Then the ratio Ak(n + 1)/Ak(n) is an
integer if and only if at least one of the following conditions holds:
(a) n = 2;
(b) k = 1 and n is even;
(c) k = 1 or 2 and n = 3.
2. CONGRUENCES FOR POWER SUMS
In order to prove Theorem 1, we need two auxiliary results.
Lemma 1. Let k > 1 and n ≥ 1 be integers. Then
2Sk(n) ≡
{
−2
∑
p|n, (p−1)|k
n
p (mod 2n) if k is even,
−kn
∑
p|n, (p−1)|(k−1)
n
p (mod n
2) if k is odd.
The “even” part of Lemma 1 is due to von Staudt [6]. A simple proof of this result has
been given by Moree [4]. The “odd” part of Lemma 1 is due to Mesˇtrovic´ [3].
For a real number r, let ⌊r⌋ denote the greatest integer less than or equal to r.
Lemma 2. Let k > 1 and n > 1 be integers. Then
Ak(n) ≡


0 (mod n(n− 1)/2) if k is even and n is odd,
0 (mod n− 1) if k and n are even,
⌊n/2⌋2 (mod 2⌊n/2⌋2) if k is odd.
Proof. First assume that n ≥ 3 is odd. We have
Ak(n) =
n−1∑
j=1
2|j
jk −
n−1∑
j=1
2∤j
jk = 2
n−1∑
j=1
2|j
jk −
n−1∑
j=1
jk = 2k+1
(n−1)/2∑
i=1
ik − Sk(n)
= 2k+1Sk((n− 1)/2) + 2(n− 1)
k − Sk(n− 1)− (n− 1)
k.
Hence
Ak(n) ≡ 2
k+1Sk((n− 1)/2)− Sk(n− 1) (mod (n− 1)
2/2). (1)
Applying Lemma 1, we obtain, for even k,
Ak(n) ≡ −2
k+1
∑
p|n−1
2
(p−1)|k
n− 1
2p
+
∑
p|(n−1)
(p−1)|k
n− 1
p
≡ (1− 2k)
∑
p|(n−1)
(p−1)|k
p>2
n− 1
p
≡ (n− 1)
∑
p|(n−1)
(p−1)|k
p>2
1− 2k
p
(mod (n− 1)/2).
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By Fermat’s little theorem, p | (1 − 2k) for every prime p > 2 with (p− 1) | k. Thus∑
p|(n−1), (p−1)|k, p>2(1−2
k)/p is an integer, and soAk(n) ≡ 0 (mod (n−1)/2). More-
over, if k is even, then
Ak(n) =
n−1∑
j=1
(−1)jjk =
n−1∑
j=1
(−1)n−j(n− j)k ≡ −Ak(n) (mod n).
Hence 2Ak(n) ≡ 0 (mod n), and thus Ak(n) ≡ 0 (mod n). Since (n− 1)/2 and n are
coprime, we conclude that Ak(n) ≡ 0 (mod n(n− 1)/2).
Similarly, if k ≥ 3 is odd, then (1) and Lemma 1 imply
Ak(n) ≡ −2
kk ·
n− 1
2
∑
p|n−1
2
(p−1)|(k−1)
n− 1
2p
+ k ·
n− 1
2
∑
p|(n−1)
(p−1)|(k−1)
n− 1
p
≡ k ·
(n− 1)2
4
+ (1− 2k−1)k ·
n− 1
2
∑
p|(n−1)
(p−1)|(k−1)
p>2
n− 1
p
≡
(n− 1)2
4
+ k ·
(n− 1)2
2
∑
p|(n−1)
(p−1)|(k−1)
p>2
1− 2k−1
p
(mod (n− 1)2/2).
Hence, again by Fermat’s little theorem, Ak(n) ≡ (n− 1)
2/4 (mod (n− 1)2/2).
Now assume that n is even. Since the case n = 2 is trivial, we can assume that n ≥ 4.
Then n− 1 ≥ 3 and n+ 1 are odd. By what has been proved above,
Ak(n− 1) ≡ 0 (mod n− 1) if k is even,
Ak(n+ 1) ≡ n
2/4 (mod n2/2) if k is odd.
Recalling that k > 1, we find that
Ak(n) = (n− 1)
k −Ak(n− 1) ≡ 0 (mod n− 1) if k is even,
Ak(n) = n
k −Ak(n+ 1) ≡ −n
2/4 ≡ n2/4 (mod n2/2) if k is odd.
This completes the proof. 
3. PROOF OF THE MAIN RESULT
First we note that Ak(3)/Ak(2) = 2
k − 1 is an integer for every k. Further, it is easy to
see that A1(n) = ⌊n/2⌋. Thus, for n > 1,
A1(n+ 1)
A1(n)
=
{
1 if n is even,
(n+ 1)/(n− 1) if n is odd.
Hence A1(n+ 1)/A1(n) is an integer if and only if either n is even or n = 3.
Now suppose that k > 1, n > 2 and the ratio Ak(n + 1)/Ak(n) is an integer. Since
Ak(n+1) = n
k −Ak(n), we must have cAk(n) = n
k for some positive integer c. If both
k and n are even, then, by Lemma 2, n − 1 divides nk, which is impossible for n > 2.
If n is odd, then, again by Lemma 2, (n − 1)/2 divides nk. This implies that n = 3 and
c(2k − 1) = 3k, and hence 2k − 1 = 3m for some positive integer m. If k ≥ 3, then we
must have 3m ≡ −1 (mod 8), which is impossible. Hence k = 2 andm = 1.
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It remains to examine the case when k ≥ 3 is odd and n ≥ 4 is even. In this case
Lemma 2 yields Ak(n) ≡ n
2/4 (mod n2/2). Hence
Ak(n)
n2/4
≡ 1 (mod 2).
Writing cAk(n) = n
k in the form
c ·
Ak(n)
n2/4
= 2k
(n
2
)k−2
,
we conclude that 2k divides c, and so c ≥ 2k. Furthermore, since n ≥ 4 is even,
Ak(n) = 1 +
(n−2)/2∑
j=1
(
(2j + 1)k − (2j)k
)
= 1 +
(n−2)/2∑
j=1
jk
((
2 +
1
j
)k
− 2k
)
> 1 +
(n−2)/2∑
j=1
jk
((
1 +
1
j
)k
− 1k
)
= 1 +
(n−2)/2∑
j=1
(
(j + 1)k − jk
)
=
(n
2
)k
.
Consequently, nk = cAk(n) > 2
k · (n/2)k = nk, and this is the desired contradiction.
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